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Combined laminar forced convection and radiation heat transfer have been numerically 
investigated for a gray, absorbing, emitting, nonscattering gas in the entrance region of 
a square duct with a centered, circular core. The thermal boundary condition imposed on 
the square duct and the core is a uniform temperature, both axially and peripherally. The 
method of moments is applied to consider the radiation contribution. The momentum 
equation, the three-dimensional energy equation, and the two-dimensional irradiation 
equation are discretized and numerically solved by the control-volume-based 
finite-difference method in the boundary-fitted coordinate system. This numerical scheme 
is found to be simple, accurate, and efficient. The effects of four major parameters 
influencing combined convective and radiative heat transfer, namely, the geometry 
parameter, ~*, as well as radiation-conduction, N, optical thickness, r b, and wall emissivity, 
E w, are discussed in detail. The results for the total Nusselt number variations indicate that 
heat transfer is enhanced by thermal radiation. The predicted results for pure convective 
heat transfer are in good agreement with the available data published in the open literature. 
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In t roduct ion 

In energy-related technology, such as coal, oil or gas-fired 
furnaces, use is made basically of gases heated up to 2000 K. 
Recently, in missile engineering, the temperature range was 
widened to 4500 K (Tamonis 1987). Also, nuclear power plants 
require the application of devices at even higher temperatures. 
For situations related to nuclear power plants where various 
processes with high-temperature gaseous working fluids are 
applied, the combined effects of forced convection and gas 
radiation must be considered simultaneously. Forced convec- 
tion in ducts of different cross sections has been extensively 
studied and published in heat transfer literature. Reviews of 
this literature carried out by Shah and London (1978) and 
Kakac et al. (1987) and others cited by Eckert et al. (1988, 
1989, 1991), Soloukhin and Martynenko (1983), and 
Martynenko (1988) manifest the increasing importance of 
combined radiative and convective heat transfers, and 
significant attention has been devoted to this kind of research 
in the last decade. 

Heat treatment of ceramic or metallic products is carried out 
in different types of ovens. Heat is transferred to the product 
in the oven by the combined effects of forced convection and 
gas radiation. Roughly speaking, the oven geometry can be 
considered as a square duct, where the product inside of it is 
a centered circular core. This geometric combination has also 
been considered by several researchers. In the late 1960s, 
Ratkowsky and Epstein (1968) solved the problem of laminar 
flow in ducts with centered circular cores without radiation. 
They employed the method of least-squares fitting of harmonic 
functions to known boundary conditions to determine the 
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friction factor. Point matching methods have been applied to 
fully developed laminar flow by Cheng and Jamil (1967) to 
calculate heat transfer in noncircular annular ducts having a 
central circular core governed by the thermal boundary 
conditions of uniform heat flux from each wall and equal wall 
temperatures. However, the Cheng and Jamil (1967) 
investigation did not take into consideration the effects of 
radiation. Yang et al. (1989) and Yang and Ebadian (1992) 
considered the effects of combined radiation and forced 
convection in ducts of different cross sections. Im and Ahluwalia 
(1984) analyzed combined convective and radiative heat 
transfer by solving simultaneously the fluid dynamic equations 
and the radiation transport equation. However, the solution of 
these problems has been restricted to conditions involving 
simple ducts without a centered circular core. 

Therefore, the objective of this paper is to present a numerical 
solution of combined convection and radiation heat transfer in 
laminar flow in a square duct with a centered circular core. In 
general, accounting for convective-radiative laminar flow with 
developing temperature in a square duct with a centered circular 
core is a difficult problem. One of the difficulties is dealing with 
the combined convection and radiation problem. The energy 
and radiation transport equations are coupled together and 
must be solved simultaneously in order to determine the local 
temperature and heat transfer rates. In the case of radiation, 
the energy balance is expressed in terms of a nonlinear, 
integrodifferential equation. Solution of this problem requires 
considerable computational time to perform spectral calculations. 
Fortunately, to avoid these difficulties, the radiation problem 
has been modeled by the method of moments, wherein the 
radiative transfer equation is expressed in differential form (cf. 
Ozisik 1973). The advantage of this differential approach is 
that the radiative transport equation (RTE) becomes a partial 
differential equation of an elliptic type. Consequently, the RTE 
is adapted to a general, diffusion-convection type of equation 
to perform the numerical analysis. On the other hand, due to 
the geometric complexity of the square duct with a centered 
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circular core, the numerically generated boundary-fitted 
coordinate system is applied to discretize the solution domain. 
Accordingly, the governing equations for combined radiation- 
convection are formulated in the boundary-fitted coordinate 
system and then solved successively. Therefore, the numerical 
results are presented in terms of the distribution of the total 
Nusselt number for four major parameters: namely, the 
geometry parameters, optical thickness, the radiation-conduc- 
tion parameter, and wall emissivity. 

P r o b l e m  f o r m u l a t i o n  

The geometry under consideration is shown in Figure 1 and is 
designated as a straight duct of square cross section with a 
centered circular pipe. The flow in the duct is considered to be 
hydrodynamically fully developed laminar flow. In this paper, 
the emphasis is on the entrance region of the duct where 
combined convective-radiative heat transfer occurs. At Z = 0, 
the gas temperature is equal to T=, and for Z > 0, the surface 
of the duct and the outer surface of the pipe are uniform and 
equal, T, = Tp. As mentioned above, radiation will be modeled 
by the method of moments, with the assumption that the 
participating gas is gray, emitting, absorbing, and nonscatter- 
ing. Strictly speaking, radiation and convection in the entrance 
region are three-dimensional (3-D). However, axial conduction 
and axial radiation can be neglected under certain conditions. 
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For example, Shah and London (1978) pointed out that axial 
conduction for pure forced convection is negligible when the 
Peclet number is greater than 50 in the case of a constant wall 
temperature, and greater than 10 in the case of constant heat 
flux. Sparrow and Cess (1978) provided the criteria of 
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Specific heat capacity at constant pressure 
[J kg -1 K -1 ] 
Pipe diameter [m]  
Hydraulic diameter 
Dependent variable 
Friction factor 
Total irradiation [W m-  2] 
Dimensional value of G' = G/4aT~ 
Heat transfer coefficient [W m -2 K -  1] 
Jacobian transformation 
Thermal conductivity [W m-~ K - 1 ]  
Radiation conduction parameter, 4aT3/kx 
Nusselt number, hDh/k 
Outward normal direction on boundary 
Perimeter [m] ,  pressure [ P a ]  
Peclet number, Re Pr 
Prandtl number, v/ar 
Heat flux I-W m -2"] 
Reynolds number, WmDh/v 
Temperature of fluid I-K] 
Dimensional velocity [ms-  1] 
Dimensional mean velocity [ms-1 ] ,  1/A S~ WdA 
Dimensionless velocity, - # / a 2 W/ dP / dZ 
Dimensionless mean velocity, 1/ A ~ ~ wdA 
Dimensional transversal coordinates 
Dimensionless transversal coordinates, X/a, Y/a 
Dimensional axial coordinate 
Dimensionless axial coordinate, Z/DhPe 

Greek symbols 

cc Coefficient, Equation 23 

~* Geometry parameter, D/a 
aT Thermal diffusivity [ m 2 s- 1 -I 
fl Coefficient, Equation 24, extinction coefficient 

Em-'] 
y Coefficient, Equation 25 
ew Emissivity of wall 

T 
0 Dimensionless temperature, - -  

Tw 

0 b Dimensionless bulk temperature, TD 
7". 

0e Dimensionless inlet temperature, Te 
T. 

x Volumetric absorption coefficient [ m - ' ]  
2 Coefficient, Equation 16 
# Dynamic viscosity [ kg m -  1 s -  ~ ] 
v Kinematic viscosity [m 2 s - l ]  
p Density [kg m-  3] 
a Stefan-Boltzmann constant [W m -2 K -4]  
Zb Optical thickness, xDh 
~b Coefficient, Equation 27 
~k Coefficient, Equation 26 
4, ~/ Transversal coordinates in the computational plane 

Subscripts 

b Bulk 
c Convection 
e Entrance 
m Mean 
max Maximum 
p Pipe 
r Radiation 
T Total 
w Wall (circumferential) 
oo Asymptotic value 
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Pe Zb/N >> 10 for axial radiation to be negligible. Also, the 
investigation by Yang and Ebadian (1991) indicated that the 
effects of radiation in the axial direction are negligible when 
Pe Zb/N > 10. Therefore, based on the above-cited references, 
heat conduction and radiation in the axial direction are 
disregarded in this paper. Furthermore, the thermal properties 
of Newtonian fluid are assumed to be constant. Thus, the 
corresponding governing equations are as follows. 

M o m e n t u m  equat ion 

02W 02W 1 dP 
1- - (1) 

OX 2 OY 2 # dZ 

In dimensionless form, 

02W 02W 

OX 2 -]- OY 2 + 1 0 (2) 

where 

/~W X Y 
W-- - - ,  X = - - ,  y = - -  

dP a a 
_ _ _  a 2 

dZ 

Due to the symmetry, only a quarter of the cross section of the 
duct is considered for the computational domain. The boundary 
conditions applied to the momentum equation, Equation 2, are 
as follows : 

w = 0 on the walls of the duct and on the pipe (3) 

aw 
- 0 on the symmetrical line (4) 

On 

Energy and  irradiat ion equat ions 

The energy equation may be expressed as 

pcpW OZ = LOX 2 + OY2_] + x(G* - 4aT  4) (5) 

where irradiation, G*, is determined from integration of the 
RTE. Due to the large Peclet number, the axial radiation effect 
is neglected, and by using the method of moments ,  irradiation, 
G*, is expressed by the following equation: 

02G * 02G * 

OX 2 + ~ = 3fix(G* - 4oT 4) (6) 

where fl in Equation 6 represents the extinction coefficient. For 
nonscattering gas, 

f l = x  (7) 

Upon introduction of the following dimensionless variables and 
parameters, 

W T X Y 
~ -  0 -  x y -  

W m Tw' a a 

Z Wm/~ 
Z - D h P e ,  R e -  v , P e = R e P r  

O 
D h -- 6*--  

o 

40T3~ 
N - , % = xDh, 

kx  

G *  
G -  

4o T~ 

(8) 

the energy equation (Equation 5) and irradiation equation 
(Equation 6) can be written in dimensionless form as 

ff~z = ~ + - -  + Nz2 (G - 04) (9) 0y 2 

0x 2 + - - = 3 z ~  ( G - 0 4  ) 10) 
0y 2 

The boundary conditions for Equation 9 are 

0p = 1, 0w = 1 on the wall of the duct and on the pipe 
(11) 

O0 
- - =  0 on the symmetry line (12) 
On 

0 = 0o on the entrance z = 0 (13) 

Also the irradiation equation, Equation 10, is subjected to 
boundary conditions on the wall of the duct and on the pipe 

0 G _  [J 32,,% ( G w -  1) (14) 
On 2 

and on the symmetry line, 

OG 
- 0  (15) 

0n 

where in Equation 14 

2w _ e,  (16) 
2 - e.  

and e .  is the wall emissivity. 

P a r a m e t e r s  o f  i n t e r e s t  

The hydrodynamic characteristics of the duct flow may be 
conveniently represented by the product of the friction factor, 
f ,  and the Reynolds number, Re. The conventional definition 
would be 

W m k a /  

The thermal characteristics of the fluid inside any duct is 
represented by a dimensionless bulk temperature, defined as 

fa wOdA 

0b -- ' (18) 

f wdA 

where 

T 
0 - (19) 

T. 

By considering the energy conservation equation, the Nusselt 
number is found to be 

1 1 dOb 
NuT . . . .  (20) 

4 (1 -- 0b) dz 

Equation 20 can be obtained based on the assumption that 
the duct and the pipe walls have the same temperature. 
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S o l u t i o n  p r o c e d u r e  

Numer ica l  g r id  generat ion 

A numerically generated boundary-fitted coordinate system is 
applied to resolve the difficulty of discretization due to the 
complex boundaries. The boundary-fitted coordinate technique 
has been explained in detail by Thompson et al. (1985). 
According to this publication, the domain transformation 
between the physical coordinates (x, y) and the transversal 
coordinates (~, r/) in the computational plane is achieved by 
solving the two coupled equations 

(a2x 0x) _ 2/~ a2x [a2x ~x) 

f a2y [ a2y 
+ 2 / ~ _ _ , k ~  __ @ ~Y) = 0 (22, 

a 
hi= 
y 

b v¢ 
Figure 2 Grid configuration. (a) Physical plane, (b) computa- 
tional plane 
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where 

~--- + 
\an) \ ~ /  
ax c~x ay ay (24) 

On the left and right boundaries of the domain in the 
computational plane, 

dr/2 arl arl 2 a~l] (26) 

[(axl,+(ayl l 
Lkan) \ ~ )  A 

On the top and bottom boundaries of the domain in the 
computational plane, 

a T ~  + a~ 2 a~] (27) 

The ~ and ~ values on the internal grid points are determined 
by linear interpolation from the boundary values. The resulting 
grid construction in the physical plane and in the computational 
plane is shown in Figures 2a and 2b. 

Governing equat ions in the computa t iona l  plane 

It is necessary to transfer the governing equations, Equations 
9 and 10, in the physical plane to those in the computational 
plane as follows: 

a2w a2w 
a~ ~- + --c~/2 + j = 0 (28) 

(a; + JNz~ ~ ( G - O ' )  (29) 

-3Jz~ ~ ( G - 0 4  ) - -0  (30) 

where 

J=aXaY axay (31) 
a~ an an a~ 

Since the velocity field for laminar flow is independent of the 
temperature field, Equation 28 can be solved first; therefore, 
the velocity distribution will be used in the process of solving 
the energy and the irradiation equations. However, inspection 
of Equations 29 and 30 indicates that these two equations are 
coupled together and must be solved simultaneously. Using the 
control-volume-based finite-difference approach (Patankar 
1980), the energy equation, Equation 29, and the irradiation 
equation, Equation 30, are discretized to form two sets of 

a2 
algebraic equations, where the statement de c3----~ is treated as an 
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T a b l e  1 Independent grid test 

D 
7. = --  Grid number f Re 

40 x 40 75.76 
0.8 30 x 30 75.40 

20 × 20 73.92 

40 × 40 90.05 
0.5 30 x 30 89.28 

20 x 20 87.53 

30 × 30 91.01 
0.2 20 x 20 89.68 

additional source term. Because of the parabolic characteristics 
of the energy equation, the computation is marched from the 
entrance to the exit of the duct. In each marching step, the 
nonlinearity of the source term and the coupled characteristics 
of Equations 29 and 30 require the use of iteration for obtaining 
the convergent solution. The following convergence criterion 
is chosen in this study: 

IIf~j +x - F~jll~ ~< 1 0 - "  

II F~j II 
where F refers to the dependent variables, 0 and G, respectively ; 
k stands for the kth iteration ; and I[" II ~ is the infinite norm. 
When the convergent temperature field is reached, the local 
bulk temperature and the Nusselt number can be calculated 
from Equations 18 and 20 for the axial location. 

As seen in Table 1, a numerical independent grid test has 
been performed to determine the number of grids and marching 
step size in the axial direction. Comparison of the f R e  values 
in this table indicates less than 1 percent difference between the 
finer grid of 40 x 40 and the coarser grid of 30 x 30. Therefore, 
the 30 x 30 grid has been used in this computation. As 
described by Tamonis (1987), Yang et al. (1989), and Yang 
and Ebadian (1992), the Nusselt number for combined 
convective and radiative heat transfer usually increases near 
the exit where radiation dominates convection. For  the purpose 
of carefully examining the Nusselt-number variations in the 
axial direction, the uniform axial marching step size, 
Az = 1.25 x 10 -4, is applied. 

The validity of the present solution is confirmed by 
calculating the thermal developing flow for pure convection in 
the entrance region of the square duct, which is the special case 
of the present study (ct* = 0). The results have been compared 
with data from Kakac et al. (1987), and excellent agreement 
is noted. The maximum discrepancy between these results is 
less than 0.6 percent. Also, the product of the fRe  for fully 
developed flow in a square duct from the present computation 
( fRe = 14.227) is compared with the f R e  from Shah and 
London (1978) ( fRe = 14.201 ), which also indicates excellent 
agreement. 

R e s u l t s  a n d  d i s c u s s i o n  

A numerical investigation has been performed on combined 
convective and radiative heat transfer for laminar flow in a 
square duct with a centered circular core, which has a uniform 
temperature equal to that of the square duct. In this 
investigation, attention is focused on the thermal entrance 
region. Numerical solutions are obtained for a variety of 
combinations of the following parameters: optical thickness, 

Zb; radiation conduction parameter, N; wall emissivity, ~;w; 
and the geometry parameter, ~*. The effect of each parameter 
on the flow and heat transfer is discussed in the following 
section. 

First, the discussion deals with laminar forced convection in 
a square duct with a centered circular core (Figure 3). The 
product of the friction factor and the Reynolds number, fRe,  
and the Nusselt number, Nu~,  for fully developed laminar flow 
are displayed in this figure for the purpose of showing the 
influence of the geometry parameter, ct* = O/a. In addition, 
the data provided by Shah and London (1978) for the fRe  are 
also indicated in this figure in the form of a full circle. It is 
observed that the values of fRe  between the present 
computations and those of Shah and London (1978) are very 
close. Furthermore, these data also verify the accuracy of the 
present calculations. Inspection of this figure reveals that the 
Nusselt number variations have a tendency differing from the 
fRe.  Furthermore, it is seen that the Nusselt number initially 
increases as ~t* increases, and subsequently decreases after 
~* > 0.5. Finally, it is observed that both fRe  and Nuoo are 
greater for the duct under consideration than those for a 
square duct. One can explain this by the fact that the centered 
circular core provides more surface contacting the fluid, which 
results in enhancement of both the fRe  and the Nu. 

Figures 4a, 4b, and 4c show the velocity contour for the fully 
developed flow in a square duct with a centered circular core 
for ~* = 0.2, 0.5, and 0.8, respectively. The common factor of 
these figures are that four-eyes appear in the cross-section duct. 
The center "eyes" are located in the diagonals of the square. 
When the geometry parameters increase, the "eyes" become 
larger. This is attributed to the fact that the cross 
section of the duct decreases as the geometry parameter 
increases. It seems that the velocity distribution is unchanged 
qualitatively as the geometry parameters vary. 

Figure 5 depicts the axial variation of the total Nusselt 
number for pure convection with ct* as a parameter. As 
expected, the Nusselt number decreases from a large value at 
the inlet of the duct to an asymptotic value downstream. Figure 
5 illustrates that the effect of the parameter, ~*, on heat transfer 
for pure forced convection is insignificant. 

Figure 6 represents the total Nusselt number variation along 
the axial direction in the case of wall emissivity, ~,~ = 1.0, the 
radiation-conduction parameter, N = 5, and optical thickness, 
% = 5 as the geometry parameter, ~*, varies from 0.2 to 0.8. 
It is seen from this figure that the Nuz.T has a higher value 
initially and gradually decreases to a minimum value at a certain 
downstream location and increases again in spite of the value 
for the geometry parameter, ~*. It is also found from Figure 6 
that the total Nusselt number in the entrance region increases 
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as the geometry parameter, ~*, increases ; whereas downstream, 
the Nusselt number for ct* = 0.2 is larger than that for ~t* = 0.5, 
and is lower than that for ~* = 0.8. For combined convective 
and radiative heat transfer, Nuz.T is composed of two parts, 
Nun.c, which is the Nusselt number for convection, and Nu .... 
which is the Nusselt number for radiation. Variations of each 
are shown in Figure 7 for ~t* = 0.2. The other fixed parameters 
are the same as in Figure 6. Nu~.¢ decreases monotonously 
from a larger value at the entrance to a small value downstream. 
However ,  Nuz, r increases from a small value at the entrance to 
a larger value downstream. Physically, at the entrance, the 
thermal boundary layer thickness is very small. Therefore, 
convective heat transfer is dominant, with radiation having 
only a moderate effect. As the thermal boundary thickness 
increases in the flow direction, convective heat transfer is 
reduced and radiative heat transfer intensifies. However, the 
increase in the radiative Nusselt number, Nu .... is smaller than 
the decrease in the convective Nusselt number, Nu .... which 
results in the total Nusselt number, NU=.T, decreasing. After a 
certain axial location, the Nusselt number for convection 
approaches an asymptotic value, where the entire duct is the 
thermal boundary while radiation heat transfer is still 
increasing. This is because the total Nusselt number, NUz.T, 
increases in a downstream location of the duct (Figure 6). 

Figure 8 shows the effects of optical thickness, %, on the 
Nusselt number with N = 5 and ew = 1.0 and with the limiting 
case of ct* = 0, which represents a rectangular duct. It is seen 
that at any axial location, the Nusselt number increases as the 
optical thickness, %, increases. The Nusselt number decreases 
from a large value at the entrance region to a minimum value 
at almost the same downstream location for all three different 
values of %, and then increases again. 

Figure 9 displays the effects of radiation-conduction 
parameter, N, on combined convective and radiative heat 
transfer. This figure is drawn for conditions of % = 2, ~* = 0.5, 
and e~ = 1. The radiation-conduction parameter, N, varies 
from l to 5. It is obvious that the radiation-conduction 
parameter has a positive effect on the local Nusselt number; 
that is, the Nusselt number increases as N increases. A similar 
tendency of the Nusselt number variation is observed where 
N = 1, 3, and 5. 

The effects of wall emissivity, e,, on the total Nusselt number 
are shown in Figure 10. The parameters corresponding to this 
figure are N = 5, % = 5, and ct*= 0.5. Three curves for 
ew = 0,1, 0.5, and 1.0 are plotted. It is apparent that the larger 
the wall emissivity, the greater the local Nusselt number. This 
means that a high wall emissivity would lead to a high Nusselt 
number on the wall. Like the effects of N and % on the Nusselt 
number, the total Nusselt number has a similar tendency in 
the axial direction. In addition, comparison of the Nusselt 
number in Figures 8 and 10 indicates that the presence of the 
circular core can increase the values of the total Nusselt number. 
Therefore, based on the foregoing results, one can conclude 
that the heat transfer behavior of combined radiation and forced 
convection is quite different from that of pure convection. It is 
observed that in the region close to the inlet of the square duct, 
forced convection is dominant, and therefore, the effects of 
radiation are weak and the total Nusselt number decreases 
monotonously. At a certain location, the total Nusselt number 
reaches a minimum value as the flow develops, and after that, 
radiation is stronger and dominant; thus, the total Nusselt 
number finally increases. It is concluded that the thermally fully 
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developed state is never reached in the case of combined 
radiation and convection. This verifies the results reported by 
other researchers (Yang et al. 1989; Yang and Ebadian 1992; 
Smith and Shen 1983; Sehmidt et al. 1982). Furthermore, the 
higher values of %, N, and ew will enhance heat transfer in the 
duct. 

Concluding remarks 

In this paper, combined convective and radiative heat transfer 
have been examined for thermal developing laminar flow in a 
square duct with a centered circular core. The significant role 
played by radiation in the thermal entrance region has been 
analyzed by the method of moments. The momentum, energy, 
and irradiation equations have been discretized by the use of 
the boundary-fitted coordinate system and solved successively. 
The effects of the radiation-conduction parameter, N, optical 
thickness, rb, geometry parameter, ~*, and wall emissivity, ew, 
on heat transfer in the entrance region of the square duct with 
a centered circular core have been investigated. It has been 
observed that the total Nusselt number decreases from a large 
value at the inlet of the square duct to a minimum value at a 
certain downstream location, and then increases. This indicates 
that at the entrance region, convective heat transfer is dominant, 
whereas radiation becomes dominant downstream. The total 
Nusselt number at any axial location for combined convection 
and radiation heat transfer is greater than that for pure 
convection alone. The major parameters affecting radiation 
heat transfer are the radiation-conduction parameter, N, 
optical thickness, %, and wall emissivity, ew. Increasing the 
value for any of these parameters will result in the enhancement 
of heat transfer. The geometry parameter, ~*, has only a 
significant effect on combined convective-radiative heat 
transfer. In addition, the Nusselt number for the square duct 
with a centered circular core is higher than that for the square 
duct without a core in the case of combined convective- 
radiative heat transfer, as well as for pure convection. 

In many engineering applications, a detailed analysis may 
be required to study radiation heat transfer with a participating 
medium of nongray gas having absorbing, emitting, and 
scattering properties, as well as the spectral effect and wall 
reflection, where the method of moments fail, to model 
radiation. Therefore, this work could be extended to encompass 
the nongray behavior of gases and the nature of scattering, 
although a good approximation for radiation is achieved by 
the method of moments for complex geometry, such as a square 
duct with a centered circular core. 
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